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Cmputation of the Bounding Surface of a Dipole Field . 
in a Plasma by a Rlanent Technique . 

Jams E. Xidgley and Leverett Davis Jr. 
California Inst i tute  of Technolow. Pasadena. California 

Abstract, The cavity formed by a plasma-free dipole magnetic 

field in a field-free stationary plasma is deternined by a numerical 

nethod. The shape of the cavity is found by requiring that each d t i p o l e  

moment of the surface carrents just cancel the corresponding mcment due t o  

tne sowce of the field. For a di?ole source of moment W in  a plasma 

whose pressure is p , there is a cusp on the polar axis at 0.64 tines 

/3 1/6 the equatorial radius, which is 0.82615 2$ p’ , The relative accuracy 

of Beard’s approximate method of solution is exemined and found t o  be qoor; 

A way is given in ubi& the moment nethod night be used t o  obtain the shap 

of the cavity produced in the solar .Kind by the earth’s magnetic field. 

1. Introduction. It has long been suggested f Chapman and Ferraro, 

1930; Fermro, 19521 

becaase of its conductivity, compresses the earth’s magnetic f ie ld ,  confin- 

ing it t o  a c a v i e  whose shape i s  yet t o  be determined. 

T i r s t  e v e s ,  t h m  w i l l  of.caurse be a transient disturbance, but we 

shall assume that i f  the flow is steady this is followed by a steady state 

that there exists a flow of plasma fron the sun which, 

\&en the plasma 

i n  which the geomagnetic f ie ld  and the plasma occupy different regi .0~  of 

spe. Later the plasma will diffuse in to  the magnetic field as a result 

of its finite c o z w t i v i t y  and any ins tab i l i t i es  there may be. However, We 

w i l l  consider here only the initial steady state without penetration and we 



rc 

- 2 -  

Since the p r o h l m  xzs first euggssted nuzerous attempts haTe beec 

n&e t o  deeiice t ke  s b p e  of the cavity, but no accurzte solution has yet 

been 03tained. Hmever, sizifar, but simpler, prcblem w y  be investigated 

mf the results obtained nay heve some geophysical sigxxificance i n  their  

oh. right. 

the 

They also hssist in developing techniques fo r  an attack on 

probles and provide tes ts  for the rslative accuracy of various 

F rqosed  apprGximztian methods. For example, Dunzex f1961] an 

z m c t  solutim or" the case of a two dimensional dipole a o ~ z a l  t o  a uaifom 

.e ~.~--i. - 
ii sttitimay unifoAm pressure plasm=, 

h o t h e r  usei?rl case is the t k e e  dinensiondl dipole surrounded by 

Ve t reat  this latter Froblea belcw, 

giving i n  section 2 the general moment teckiique i n  a fora which it is 

hoFed C&T be generalized t o  the problem of a dipole in a stezdg p!lasPia 

f l a g ,  m d  in section 3 the specific solution, 

of tus metkod are cmpzred with the results xhich are o b t a b e d  by us- 

an a2praximate bouxiaqr corxiitim due t o  B S Z ~  [&o] . 

a 

In sectian 4 the results 

A l l  of tkese ? ~ 0 3 1 a ~ s  imclve ? x o  Z&GIIS, se?t=rated by a s l i r fae  

ct which an agro?ri=te  b o m d q  cor&ition zpolies, 

zgreed [ B e e x ,  19601 

&ctuafly a c ~ ~ r r e c t  sliectl; of GI8 mdei- of a 'kilmeter zhi&, and that  

this thic'kess can be neglectd,  

rcagcetlc f i e ld  xi th  specified sources ( in  OUT case a dipole at the origin) 

T?AC&. an exte-rsim t o  allow ?or the presence of plasm could presumably 

5e <evlsed, 

eilcct a perfect di-etic, 

I5 is gmierally 

tlzet i~ the geomgnetic si tuation this stlrface is 
c 

"he inner regiors contains o d y  vacuum 

The mter regioz contains only plasza, and thus it is in 

O x e  the surfzce is spc i f i ed ,  i t  is a - _  

4 . 
t 
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s_szce c a t s i h  the cavi ty is f i l l e d  ;uiti: a diemqgetic, klith the surfbee 

za.c.tion ail pressure a t  irdiCity, t o  dets-e the n ~ m a l  pressure p of 

the plasm at each poin t  on thz surfaceo Tn.m the boundary condition 

.7Ll ~...lch zwk be satisfied by the t r u e  ( o r  self-consistent) surface f Ferraro, 

- 9 2 j  is tkt t X s  pressure must be bslenced by the  magnetic 

:c---31 pzsssxre af ti.,e field, 2 .. 2ust ks i2e  t ~ e  surface. In Gacssian xnits: 
br,l&?'aczd i 

0 
32 p =  - en i l J  
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A g a i n  starting Kith 8 trial Surface, 

the surface from c m d i t i ~ s  in the plasma, 

of tne s"ati0llarjr unifonr pressure plasma considered here, 

tenprsture s o w  wind problem to be cansidered subsequently, wa shall 

assume elastic reflection of naninteractlng particles,  in  vfiich case p 

x r i e s  zs cos IjI where 

surfaca and the wind directicn. With p detennined, equation (2) deter- 

r ibes the magnitude of J at each pobt on the surface, One then uses 

s p e t r g  and the equation of continuity to dete,-mine, if  possible, the 

vector surfam cmrent everywbre, (U this fails, an alternative 

z;j?roach is t o  reverse these two steps, specirying a trial currsnt 

distribution and canstructing the surface so that (2) is satisfied,) 

kcjtring the surface current, it is tkLen e simple matter to  calculate 

frw a surface integral a e  magnetic field anywhere to determine whether 

it satisfies the bowiary conditions. !bus if just inside the surfsce the 

r ' i e l C  is everywhere tangent to the d a c e ,  has t'ne magpxitude 4 n J 

an6 is perpendiculsr t o  2 , then the b a i  cad i t i an  is satisf ied,  

&w=.v [l%lf i n  U s  two dhensional solution used sdcn a baundcrrg 

corrditiart, but y2s able t o  use corrplex vari,able t h e m  and got the exact 

nagnetic f i e id  and boundarg by a conformal traosfonnation, %ard p 6 0 ]  

& k i ~ t s  2 diffemrztial ecpation far an approximation t o  the surface by 

.. d ; ~ g  - t he  i o l h r i z g  ap_or&mate boundary cozlditlon. He requires that at 

p is calculat d at each point of 

This is t r iv ia l  for the case 

For the sero 

2 is the angle be-en the in- no& t o  tbe 

e ~ c k  point on i;3e em'ace the tergential caponeat of the unperturbed f i e l d  

ir; 2-t half of the ciiscoatinuiw, 4 n J = (8np)', required by the 

vtr-fwe cmem deduced 3 0 s :  t h  plasma pressure, Thus he assumes that 
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the slrrCzcc. c ~ ~ ~ = r n * L s  excel$ the d i lo l e  zc2ea-t. 

Uqtii a ~lzrfzce is Gbta3ed >->os? surfzce currents hsve only e &?ole 

C ~ E L I ~ ,  

op2osite to t i e  esrth's dii)ole, t h n  the solution is obtained, 

1,5t'l oLly a f b i t e  zm3or of parmeters oaly a finite nm3er of mments 

c m  be redwed t o  zero, but only the lower nczents contr i jute  much t o  the 

f ie ld .  If cn2 rep i res  the s u r f x e  t o  be psztieularly acc'czte in certain 

r&ci?s, cne e a  coasider fek.-er zments arid also require the f i e l d  to be 

zaro &k selected points ne= these mg5oas. 

T k i s  2rocess is i t e ra te6  

If I& s w f a e  is then scaled so Yi$ %is dipole is equal end 

O f  course 

Ab*, these poiats c m o t  

ke t o o  Reax, for reesom 02 comergsnce. 

3.  Unlfcm r ressme czse. Ccmsider 2 -tic dipole surromcied . 
3y a s t a t i c m q  p l a s ~  of unifom i)rasmrs, a d  l e t  the s t a n d u d  zphericd 

3 I 
0 

1 

?I fa :: 
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e, point vector 2otential 03 t h e  

c3 tke s ~ S z c e .  Then ix 

fieid2 zlrd let 2 tie 

~ A t s  f o r  a general surfcce. 

ana 

iztegrate o'Jer 6 to obtain 

11 
I 

that of the s3'rLTce at the GrLgLn- 

of s t r a g t h  1.; is 2~ 31 r2 

of ro by me= or' (4) E;' ives 

Skce  the vector potential  of a di?ole 

( s h  d ), c a p a r i s o n  with (6) sad elmnation .-2 pl 
-1 2 

I1 = 4 

The ccqutatioa was  camied oxt fw a trial P a c t i o n  02 the f o m  
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1' 
A t  f irst  we se t  C = I m d  put no rzctr ic t im on the value of I 

S y m e t r y  a g z h  ,-=tees Chit I = 0 for n even, so we need t o  n 
cmsider In only for a = 3,5,7, . . , 21? + 1, 

differentiate the 

It is as eEsy matter % 

In under the ia tegral  sign end obtain .?naJ.ytic expressions 

f o r  t i e  ,-ztes of chmge of the In with respect t o  the various c Hence 

the Cezeralized EJewton'a Xethod :*as used to detercine the cs which =&xed 

the In to zeroo Finally. I1 is nede equal t o  4,by adjustirig C, which is 

seen t o  be the equztor ie l  rdius, 

S 
\ 

Tie conputation w a s  c m i e d  out on a 

SU~~GU,&S 220 cmputer f o r  various vzhee of ,X up t o  seven. For the 

caSe If = 7 the nmerical results 2re given i n  Table 1 ar.d the result ing 

cross section is plotted i n  Figure 1. 

Ccefficieats i n  the Equatio=1 fm  the Surface 

C = 1.41395 
c7 = 0.120339 
C, = G.CC'4lSI 
cS = 0.01085 
L 

c4 = -0.w32oc) 

c5 = O.WS59 
. c6 = -0.300326 

c = 01000394 7 

The raCius i n  tne eqxetorial plme is 1.41395 r 

the dipole &s is 0.899 ro, and the maxbum height is 1.073 roo B e  

the iritersectian 0x1 
0' 
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equetcrhl r&ius is clLri0ilsly close t o  

it YLght iadiczte tkt the tme surface could be given by an unexpectly 

s i q l e  cqrcssim xkich cod12 pre-sz&>J be Serived, 3ut this has not been 

p r s i e d ,  

1 If this should be exect, 
0. 

'It is true that at the pole tbe lest fet7 terms of equation (9) 

are  of the order of 'E: of the first tern but this does not indicate sn 

er ror  of that crder there, 

se-mn ter=-s in the po.*.er series exI;znsion of the t rue  surface. 

The coefficients iz Table 1 are not 3.j first 

T h q  me 

t h e  ccefficients of ths polynozizl of degree fourteen tihick Lost cloeely 

approxkates the true swfacce. 
, 

!!e have two r e s o c s  fo r  believing t h t  

the solidtion is very zccuzate e\7e=l near the ?ole, 

lrlas carried vat kqth only fccr pFcrazeters, the raiius of t i e  cmputed surZace 

new oc = 9' , xhere agrement w e s  worst, w a s  o d y  about one percent greater 

first, when the crjPGutztion 

\ 

>;kea c ms chznged so a t o  deil-sme the radius to the surface by aaly 

3 , s  at the Dole, the resi6isl  fielk ~t Cistaccs  g ra t e r  thz-? O.3r 
1 

outside 
0 

A- b,"..e swface (calculsted es Ciescri-zed i n  the test of tha next ssctiw-) weie 

iccressed by a f . ~ ~ t o r  of ten o r  Etreo A mjor 2e&uxx o? iotzrcst ir, this 

a d  thht these cusps do cot go ciezr to the &-gin 2s %as 5een suggested, but 

rather irrteresec? the ads at e firLtz distarce. Tie cus~s ux5o~btedly 

interesect t h e  a i s  tarigentially in rezlity, but suck 2 surface could not 

k$ Fapzsente2 5y 8 p o l p o z i a l  xitk e f k i t e  xu213er of t e m s  such as we have 

ssed, It is of b t e r e s t  t o  note, howsver, t Y e t  the more y z m e t e r s  xe reed 



- .  . 

- 10 - 
the  steen,er t k e  mgle of ictei-sscfiox w s o  It is ezsy t o  see that these 

are the r e s u l t s  -that sho-dd be expcted, 

zero perzeabili3-t. 

Coneidez- E cavity i r z  a medius;! of 

If there ::we a finite ulgle S e t m e n  the surface end 

tke a i s ,  the f i e l d  t hem wmld be zero, m6 if the cusp were at tne dipole 

t i e  f i e l d  m x d  be b f i n i t e ;  e i the r  ctmditio2 is incmsis tent  with equation 

(1) 0 

< 

IT we define the field Suzt inside the surfme to be 3 = (€377 p)', 

tfieo it is 8 sinple metter to see that  &&e change i n  the field, 

origin due to t h e  surface c-xrmtsis 

S 

ABdzt the 

For a sphers the integral is jut T/4, md for m y  other surfzce i t  would 

be sli@.tly grester. For our smbce it is 0.76933. Thus a 10 Y disturbance 

i n  the grtmagnetic f i e l d  at the eart5 ' could arise from a sudden . 

, chznge of przssure of 2.52 x 1C - Q.::nes/ca ~2 the saface (i.e. a particle 

density tj.ms t e q e r a t w e  of i,a3 x lo6 x0/m3 c'r a"netic energy density of 

-7 0 2 

\ 
2 1.58 x 10 e&m3 >. 

Indepecdent of the n;ethoC by :.;-:hich i t  vias o3tzined. Such a ckeck xolld 

Frovide 2 better e s t h a t e  of tha accuracy of the s o h t i o a  than wozld an 
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sohtior,s obtziosd by ctke? aetkct2s z - d  tkds &ford aa ob:ective -my Eif 

erti.-,atlcg -Aeir relatlve E C C ' L ~ L C ~ .  

' io  go t o  zero t o  2 v e ~ y  F i g h  order et bzge d i s t a c e s  fro3 the surface, 

The ncxent ieckrique f ozces the f i e ld  

Otker 3zocedmes &ich rr:ay hi! devised usually a t t e q t  to force the fie'd 

t o  zero just outside the surface. Of c m s e  with the true sohtim the 

f i e l d  U D J ~ C  be exactly zero everphere outside the suzxece. Thus it 

SS?S.ZB that a very E G S G ~ Z ~ ~ ~  test of a y  propsed  surface would be to 

due t o  the wrface, subtracted this f ie id  f rm the f i e l d  of Yae d i p h  

loczted a t  tne  o?i,gin, a d  then divided the resul t  by .the di@e fielcl. 

T h i s  gives a niiber xhich would be zero evew-kerz outside the curfece fo r  

the true s u r f a x  a d  ioufd be ale everjwhere if  the surTace were removed 

. a l together.  For o m  so lu t im,  wkre the tii:~ digcle noxents e r e  the sene, 

t-his test -&ll c1ea l - r  give  zero at large d is tzmes  so the resi t es t  tiill 

coae a t  .sz,a11 disbzzccs. 

~ M c h  ninimizes the f i e l d  a t  the sxrface ;cay case a t  greater radii. 

The reai t e s t  of a s-uface da-ivecl by a process 
c 

%e 

mp1zch.g the surface by ninetr-eight current loops. m. ~ c e  results cjf this 

test for tbe nonent surface are given i n  Table 2. 

z~is m y  be iscorrect by as mci? 2s 576 sue t o  t m c a t i o n  errm. 

tmncatiorr error  xzs removed fron the equstcrial  a c e s  b3 subtracting the 

The values on the pol= 

The 
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C&l p(0) = pe and. note that d e  /de = 0 at d =  0 by s~metrg. 

InsertiIsg these velues, znd the value of ro f rm (41, into (12) Om? 

obtains the relation 
- 

f$ = 1 

a d  the differm2ial equation 

deternineti by the condition a t  I1 = 4. 

secand dsgree thre are two such solutiocs. 

plotted in &pre 1 and it is seen tbt it differs s i g i f i c u l t l y  earn 

the  muent techiilue r e s a l t  mer the pole, 

S b x e  equation (14) is of ' 

Tf.e zppropri&te solution is 

Tie result ~f the t e s t  izpplied 

t o  this srrrface is also given in Table 2, 

gives a net f i e l d  outside xhich is &m.zt ore thcuszndth of thst  give= 

3y thz surface derived using Eozzz's Somd&ry conditica. 

Cleerly the r~ozent techique 

Toere is ab.:, zn interesting s ide l ight  tkat caa be glebned f'ra 
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